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Abstract
There is a longstanding conjecture by Fro¨berg about the Hilbert series
of the ring R/I , where R is a polynomial ring, and I an ideal generated
by generic forms. We prove this conjecture true in the case when I is
generated by a large number of forms, all of the same degree. We also
conjecture that an ideal generated by m’th powers of forms of degree d
gives the same Hilbert series as an ideal generated by generic forms of
degree md. We verify this in several cases. This also gives a proof of the
first conjecture in some new cases.
1 Introduction
Let R = C[x1, . . . , xn], the ring of polynomials in n variables with complex
coefficients (in fact, a polynomial ring over any field with characteristic 0 will
do). Let I be an ideal of R, generated by homogeneuos polynomials. We
consider
R/I =
⊕
i≥0
Ri
as a graded ring in the usual sense. Now, let αi = dimCRi. We define the
Hilbert series of R/I as the formal power series
HR/I(t) =
∑
i≥0
αit
i.
In this paper we shall study the Hilbert series of R/I, for some different choices
of I.
For a power series F (t) =
∑
i≥0 ait
i define
⌈F (t)⌉ =
∑
i≥0
bit
i where bi = ai if aj > 0 for all j ≤ i, and bi = 0 otherwise.
That is, we include the terms of F (t) as long as the coefficients are positive.
Let G(t) =
∑
i≥0 cit
i. We write F (t)  G(t) if F (t) is greater than or equal to
G(t) in the lexicographical sense. That is, F (t)  G(t) if F (t) = G(t), or there
is some i such that ai > ci and aj = cj for all j < i.
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Let (mi) denote all monic monomials of degree d in R. In the continuation
we shall just use the word monomial for monic monomials. There are
(
n+d−1
d
)
monomials of degree d. A form
∑
βimi of degree d can be identified with its(
n+d−1
d
)
coefficients (βi). The form is called generic if all the
(
n+d−1
d
)
coefficients
are algebraically independent. A family of forms is called generic if all the
coefficients from all the forms are algebraically independent.
Let us now consider ideals generated by k forms g1, g2, . . . , gk and deg gi = di.
It is proved in [3] that all such ideals, where the forms are generic, give rise to
the same Hilbert series of R/I. It is also shown in [2] that this series is the
smallest possible Hilbert series for R/I. It is not completely known what this
series is, but there is the following conjecture.
Conjecture 1 (Fro¨berg 1985). If I = (g1, g2, . . . , gk) is an ideal of R, generated
by generic forms, and deg gi = di, then
HR/I(t) =
⌈∏k
i=1(1− t
di)
(1− t)n
⌉
.
It is proved in [2] that
HR/I(t) 
⌈∏k
i=1(1 − t
di)
(1− t)n
⌉
which means that is is enough to find one ideal I which gives the above Hilbert
series, to prove the conjecture true for that particular choise of k, d1, . . . , dk and
n. The conjecture has been proved true by Fro¨berg for n = 2 (see [2]), Anick
for n = 3 (see [1]), and Stanley for k = n + 1 (see [2, Example 2, p.127] ). It
is also true for k ≤ n, since I then is a complete intersection. In this paper we
shall study the case when all the forms gi have the same degree d. We shall
then prove that I gives the conjectured Hilbert series for large k. We shall also
study the case when the forms gi are powers of generic forms.
2 Ideals generated by a large number of forms
From now on we shall consider ideals genereted by k forms g1, . . . , gk, all of
degree d. As noted earlier, there are
(
n+d−1
d
)
monomials in R of degree d. If
k >
(
n+d−1
d
)
the forms g1, . . . , gk have to be linearly dependent, and they are
not all needed as generators. In this way, we see that the number of generators
can always be assumed to be less than or equal to
(
n+d−1
d
)
. Next we shall see
that if
(
n+d−1
d
)
− n < k ≤
(
n+d−1
d
)
the forms g1, . . . , gk can be chosen to be
monomials. To do this, we shall use the following theorem.
Theorem 1. Let m = (x1, . . . xn), and let I be an ideal such that m
d+1 ⊂ I ⊆ md.
Assume that r = dimC(I/m
d+1) satisfies r ≥
(
n+d
d+1
)/
n. Then
HR/I(t) =
⌈
(1− td)r
(1− t)n
⌉
.
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Proof. We easily see that
HR/I(t) =
d−1∑
i=0
(
n+ i− 1
i
)
ti +
((
n+ d− 1
d
)
− r
)
td.
Note that ⌈
(1− td)r
(1− t)n
⌉
=
⌈(
∞∑
i=0
(
n+ i− 1
i
)
ti
)
(1− rtd + . . .)
⌉
.
The coefficient of td here is
(
n+d−1
d
)
− r. The coefficient of td+1 is
(
n+d
d+1
)
− rn,
which is nonpositive by the assumption on r. Hence
⌈
(1 − td)r
(1− t)n
⌉
=
d−1∑
i=0
(
n+ i− 1
i
)
ti +
((
n+ d− 1
d
)
− r
)
td = HR/I(t).
Note that the number of generators of I in the theorem is at least r. If we
find such an ideal, generated by exactly r forms of degree d we have proved the
Fro¨berg conjecture true for this number of generators. Now, assume d ≥ 2 and
n ≥ 4. Let I be the ideal generated by all monomials of degree d, except
x1x
d−1
2 , x1x
d−1
3 , . . . , x1x
d−1
l ,
where 1 ≤ l ≤ n. The case l = 1 is interpreted as I = md. We shall see that
m
d+1 ⊂ I. What needs to be proved is that any monomial of degree d + 1
which comes from multiplying one of the above by xi is contained in I. If
i 6= 1 and 2 ≤ j ≤ n we have xix1x
d−1
j = x1xix
d−1
j ∈ I. If i = 1 we have
x21x
d−1
j = xjx
2
1x
d−2
j ∈ I.
The ideal I is generated by k =
(
n+d−1
d
)
− l + 1 monomials. We also need to
prove that k ≥
(
n+d
d+1
)/
n. That is, we need to prove
(
n+ d
d+ 1
)
− n
(
n+ d− 1
d
)
+ n(l − 1) ≤ 0
We shall prove (
n+ d
d+ 1
− n
)(
n+ d− 1
d
)
≤ −n2
by induction over d, and then the above follows. First we check for d = 2. This
gives (
n+ 2
3
− n
)(
n+ 1
2
)
=
2(1− n)
3
(
n+ 1
2
)
=
2(1− n)
3
n(n+ 1)
2
= −
(n− 1)n(n+ 1)
3
≤ −n2
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which is true since n ≥ 4. Now assume(
n+ d
d+ 1
− n
)(
n+ d− 1
d
)
≤ −n2.
We want to show (
n+ d+ 1
d+ 2
− n
)(
n+ d
d+ 1
)
≤ −n2.
It follows that(
n+ d+ 1
d+ 2
− n
)(
n+ d
d+ 1
)
=
(d+ 1)(1− n)
d+ 2
(
n+ d
d+ 1
)
=
(d+ 1)(1− n)(n+ d)
(d+ 2)(d+ 1)
(
n+ d− 1
d
)
=
(n+ d)
d+ 2
(1 − n)(d+ 1)
d+ 1
(
n+ d− 1
d
)
≤
d(1 − n)
d+ 1
(
n+ d− 1
d
)
≤ −n2.
We have now shown the inequality(
n+ d
d+ 1
− n
)(
n+ d− 1
d
)
≤ −n2.
Hence the ideal I satisfies the required properties in the theorem. This means
that we have proved the following corollary.
Corollary 1. Let R = C[x1, . . . , xn], and I be an ideal in R genereted by k
generic forms of degree d, where d ≥ 2 and n ≥ 4. Then Conjecture 1 is true,
that is
HR/I(t) =
⌈
(1 − td)k
(1− t)n
⌉
,
when
(
n+d−1
d
)
− n < k ≤
(
n+d−1
d
)
.
One might ask for how small k it is possible to consider ideals generated by
monomials, as we did above. The following example shows that it is not always
possible to use an ideal generated by monomials for small k.
Example 1. Let R = C[x, y, z, w] and consider ideals generated by five forms
of degree two. The conjectured Hilbert series is then⌈
(1 − t2)5
(1− t)4
⌉
= 1 + 4t+ 5t2
Let m = (x, y, z, w). From the series above we see that m3 ⊂ I. Note that
x2, y2, z2, and w2 must be included in the ideal. If, for example x2 6∈ I, then
x3 /∈ I. Assume therefore I = (x2, y2, z2, w2,m) for some monomial m of degree
two. Without loss of generality we can assume that m = xy. But then xzw /∈ I,
which contradicts m3 ⊂ I.
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In fact, one can prove that if k > n, and the Hilbert series has a positive
coefficient for t2d−1, then the ideal can not be generated by monomials. As we
saw in the example, xd1, . . . , x
d
n ∈ I. Assume I = (x
d
1 , . . . , x
d
n,m1, . . . ,mn−k),
where m1, . . . ,mn−k are monomials of degree d. If the Hilbertseries is the
conjectured series, then the coefficient of t2d−1 should be as small as possible.
This means that we can not have a relation
f1x
d
1 + · · ·+ fnx
d
n + fn+1m1 + · · ·+ fkmn−k = 0
where f1, . . . , fk are forms of degree d − 1. That is, all monomials that comes
from multiplying one of the generators of I by a monomial of degree d− 1 have
to be linearly independent. But this is, as we shall see, not true. Assume m1
has a factor xi. Then
xd−1i m1 = x
d
1
m1
xi
,
which proves that the monomials described above are not linearly independent.
3 Ideals generated by powers of generic forms
As we saw above, it is not always possible to consider ideals generated by mono-
mials. It is of course much more complicated to compute the Hilbert series given
by an ideal genereted by generic forms. Even with the help of computers, the
computations get to heavy when the number of variables, degree, or number of
forms get too large. One way to make the computations slightly easier is to use
powers of generic forms. That is, we consider ideals generated by gm1 , . . . , g
m
k ,
for some m ∈ N, where the gi’s are generic forms of degree d. There is reason
to belive that ideals of this type gives the conjectured Hilbert series for ideals
generated by generic forms of degree md. It is proved in [4] that when n = 2,
powers of generic linear forms are generic. Hence we can choose our gi’s to be
d’th powers of linear forms. Then the gmi ’s are again powers of linear forms,
and it follows that these are also generic. However, it is well known that d’th
powers of generic linear forms does not always give the same Hilbert series as
generic forms of degree d if n ≥ 3.
Conjecture 2. Assume that g1, g2, . . . , gk are generic forms of degree d ≥ 2 in
R = C[x1, . . . , xn]. Let I = (g
m
1 , g
m
2 , . . . , g
m
k ) be an ideal of R. Then
HR/I(t) =
⌈
(1− tmd)k
(1− t)n
⌉
.
Another way to make the computations a little bit faster is to use ideals gener-
ated by xmd1 , . . . , x
md
n , together with powers of random forms of the given degree.
We believe that if g1, . . . , gk are generic forms of degree d, then (g1, . . . , gk) and
(xd1, . . . , x
d
n, gn+1, . . . gk) always give the same Hilbert series.
As noted earlier, it is unneccesary to use more than
(
n+md−1
md
)
forms. Given
n, m, and d, there is only a finite number of ideals we need to try, in order to
prove that the Hilbert series is the expected series. But even for small n, m,
and d, this might be time consuming. Fortunately, there are ways to reduce
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the number of cases that need to be tested. This is illustrated in the following
example.
Example 2. Let R = C[x, y, z], and say that we are now working with ideals
generated by quadratic forms raised to the power of seven. Assume that we
have found a set of 26 forms that gives rise to the expected Hilbert series, which
is
13∑
i=0
(
i+ 2
i
)
ti + 94t14 + 58t15.
We see here that the ideal generated by these 26 forms contains all forms of
degree 16. Then, of course, an ideal generated by more than 26 generic forms
will also contain all forms of degree 16.
Assume also that we have found a 45 forms g71 , . . . , g
7
45 that gives the expected
Hilbert series, which is
13∑
i=0
(
i+ 2
i
)
ti + 75t14 + t15.
There are
(
17
2
)
= 136 monomials of degree 15 in R. From the above series we
see that the forms of degree 15 in the ideal span a vector space of dimension
136 − 1 = 135 over C. This space is spanned by {xg7j , yg
7
j , zg
7
j}
45
j=1. These
are 3 · 45 = 135 forms, which means that they are linearly independent. Then
{xg7j , yg
7
j , zg
7
j} are also linearly independent when we use less than 45 generic
forms.
This means that I = (g71 , . . . , g
7
k) always gives the smallest possible Hilbert
series, when 26 ≤ k ≤ 45. This series is neccesarily the conjectured series.
We have calculated the Hilbert series for some choises of n, m, and d, using
Macaulay2 [5]. All tested cases have given the expected series. For n = 3 we
tested all cases where dm ≤ 20 and d ≥ 2. Note that if we have proved for
example the case d = 2 and m = 8, then the case d = m = 4 follows. This is
simply because a linear combination of g8i ’s, with deg gi = 2, can be considered
as a linear combination of (g2i )
4’s. Hence there was no need to try all combi-
nations of d and m that gives dm ≤ 20. The verified cases for four and five
variables are shown in the table below.
n 4 4 4 4 4 5
d 2 2 3 2 3 2
m 2 3 2 4 3 2
Note that does not only prove Conjecture 2 in these cases, but does also give
the following corollary.
Corollary 2. Let R = C[x1, . . . , xn], and I be an ideal in R genereted by k
generic forms of degree d. Then Conjecture 1 is true, that is
HR/I(t) =
⌈
(1 − td)k
(1− t)n
⌉
,
in the following five cases:
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• n = 4, and d = 4, 6, 8, 9,
• n = 5, and d = 4.
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